Abstract -A singularly perturbed convection-diffusion problem with two small parameters is considered. The problem is solved using the streamline-diffusion finite element method on a Shishkin mesh. We prove that the method is convergent independently of the perturbation parameters. Numerical experiments support these theoretical results.
Introduction
We consider the singularly perturbed convection-diffusion problem [8] for some physical problems involving two small parameters and for details concerning asymptotic expansions). Shishkin and Titov [12] proved, for an exponentially fitted difference scheme on an equidistant mesh, for some ν < 2/5, that
where C is independent of ε and h. Instead of using exponential fitting, the use of layeradapted meshes becomes more and more popular. Vulanovic [14] considers Bakhvalov and Shishkin meshes but assumes ε 2 = ε 1 2 +p 1 with p > 0. Then the problem (1.1) behaves similarly as the standard reaction-diffusion problem with ε 2 = 0. Two-parameter problems are considered also in Li [2] and in Madden and Stynes [7] , but are of different type than the one considered here.
Recently, simple upwinding on a properly chosen Shishkin mesh was analyzed independently in [5, 9] . Both papers are based on similar estimates for a priori bounds for derivatives. These estimates are also the basis of our analysis, and because [5] and the present paper were written almost in parallel, we present the estimates in Section 2 ( it turns out that Lemma 2.1 and Lemma 2.2 are almost identical with Lemma 3.1 in [9] ).
Simple upwinding results in a first order scheme. It is well known that for a convectiondiffusion problem with ε 2 = 1 the streamline diffusion finite element method (SDFEM) can generate a second order scheme [13] . Therefore in the present paper we shall analyze the SDFEM on a properly chosen Shishkin mesh for the two-parameter problem and prove almost second-order pointwise convergence uniformly with respect to the parameters ε 1, ε 2 .
Our analysis is absolutely different from the analysis in [13] . While Stynes and Tobiska use the consistency error of the difference scheme generated by the SDFEM, our approach uses mainly finite element tools. This technique was already presented in [10] for a convection-diffusion problem with one small parameter and a point source.
In the literature so far convection-duffusion problems (ε 2 = 1) and reaction-diffusion problems (ε 2 = 0) are handled separately. Our approach offers a unified treatment of problem (1.1) for all possible classes of subproblems.
Throughout the paper C will represent a constant independent of ε 1 , ε 2 , and of the mesh. For a continuous function g, the value at a point x i will be denoted by g i . Furthermore , || · || ∞ denotes the maximum norm, while || · || L 1 denotes the L 1 norm.
Some properties of the continuous problem
The solution of the reduced problem cu 0 = f , in general, does not satisfy the boundary conditions, so there exist boundary layers both at x = 0 and at x = 1. To describe the layers let us introduce the characteristic equation
It has two real solutions λ 0 (x) < 0 and λ 1 (x) > 0. Because |λ 0 | < λ 1 , the layer at x = 1 is stronger than the layer at x = 0. Let
Lemma 2.1. For any 0 < p < 1 we have up to the a certain order q that depends on the smoothness of the data
Proof. We shall prove (2.1) by induction with respect to k. For k = 0 the estimate follows immediately from the maximum principle.
Since
then by differentiating the original equation k times, we get
, for k = 1, . . . .
The (k + 1)
th derivative satisfies the equation
}.
In the first step of the proof we assume that we have already proved the inequalities
and |u
We shall bound u (k+1) using (2.2), (2.3) and the following barrier function
.
It is sufficient to show that L k+1 w 0,p α 0 w 0,p and L k+1 w 1,p α 1 w 1,p with some α 0 , α 1 > 0. Since
for any 0 < p < 1, we have the desired property if ε 2 is small enough. Similarly, we estimate L k+1 w 1,p .
In the next step we shall prove (2.3) starting from
Setting u
we obtain for y the partially homogeneous problem
. Now we bound y by a barrier function of the type
where θ > 0 is large enough. It is easy to check that Φ(0) = 0 and Φ(1) 
Let us for a moment assume b and c to be constant. Then the two extremal layer situations are characterized by
2 << ε 1 which implies µ 0 ≈ µ 1 ≈ c/ε 1 , and we have layers similar to the reaction-diffusion case ε 2 = 0;
which implies µ 0 ≈ c/(bε 2 ), but µ 1 ≈ (bε 2 )/ε 1 is much larger than µ 0 , so the layer at x = 1 is much stronger than the layer at x = 0. In the intermediate case, when neither (i) nor (ii) hold, µ 0 and µ 1 move in the interval given by the values from (i) and (ii). Fig. 1 below presents the exact solutions, for various ε 1 and ε 2 , for the problem considered in [3] : 
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The exact solution is
3. The SDFEM with linear elements 3.1. The scheme
For problem (1.1), the standard weak formulation is: find u ∈ V such that
and for a given mesh function {u i } we define the forward and backward difference operators D
Let V h ⊂ V be the space of continuous linear finite elements with the basis functions
The Galerkin approach is characterized by:
Based on the decomposition u = S + E 0 + E 1 given in Lemma 2.2, we take p = 1/2 and introduce a corresponding S-mesh. Namely, the mesh is equidistant on
, for example). Since µ 0 and µ 1 are large and µ 1 µ 0 , the mesh is fine on Ω 0 and Ω 1 and coarse on Ω g , with mesh step sizes
denotes the linear interpolant of u in V h , simple modifications of the well-known techniques of [6] result in:
The Galerkin method generates a difference scheme which can be written in the form
where φ i denotes again the basis function of V h with φ i (x j ) = δ ij , and
When c = const we have
If we wish to have an M -matrix, we have the conditions
which for a lumped scheme (γ i−1 = γ i+1 = 0 and γ new i
Because these conditions are too restrictive, one has to stabilize the FEM to generate Mmatrices. For the SDFEM we modify the Galerkin bilinear operator a G by introducing lumping for the c− term:
The streamline-diffusion method is characterized by the stabilization
with some elementwise-defined parameter δ k which will be determined later.
Now we again choose V h ⊂ V to be the space of piecewise linear elements on the given grid. Introducing
The SDFEM generates a finite difference scheme, which can be written in the form
where
The choice of the parameter δ i is determined by the structure of the coefficient matrix of scheme (3.1), as we wish to have an M -matrix. Namely, if the local mesh size is small enough, standard Galerkin can be applied,i.e., it is possible to choose δ i = 0, i = 1, ..., N . This leads to the condition
i.e., ε 2 h ibi ε 1 for i = 1, ..., N,
this condition is equivalent to
Finally we obtain
We can see that
In the case of ε 2 = 1 and ε 1 = ε, we choose δ i = 0 on the fine mesh. If we check the condition ε 2 h ibi ε 1 , we see that it is satisfied on Ω 1 because µ 1 (ε 2 b 0 )/ε 1 , i.e., ε 1 ε 2 b 0 /µ 1 . On Ω 0 , however, the situation is different.
Summarizing, we have on Ω 1 :
on Ω g :
on Ω 0 :
otherwise.
1 ), the stabilization on Ω 0 is necessary if ε 1 is extremely small, roughly speaking, in comparison with ε 
Pointwise error analysis
For estimating the pointwise error we use an approach similar to [10, 11] based on a discrete Green's function. Let us define a function
In our estimates we need bounds for the L ∞ and W
is piecewise linear, the continuous and the discrete versions of these norms are equivalent. For the discrete norms Andreev [1] proved estimates for an upwind finite difference operator in the case of ε 2 = 1. In the Appendix we shall prove similar estimates for the two-parameter problem.
It is a well known fact that the scheme generated by SDFEM can be written as a generalized upwind scheme (see [13] and especially [11] , Section 5). We do not want to repeat the details from [11] , but it is not difficult to see that scheme (3.1) with (3.2) is equivalent to
Here all coefficients are the result of rewriting (3.1) with (3.2) in this form, especially
Do we have c * i
It is not difficult to see that we are in trouble only if δ i = 0 and δ i+1 = 0, but this happens only in the first subinterval of Ω g with follows the transition point σ 0 . On that interval we have 
Using the linear operator P : V → V h with
we have the following representation for the error at the mesh point x j :
and the consistency error P u − u h vanishes for a consistent finite element method. Based on the error representation (3.3) we want to estimate the pointwise error of our SDFEM on a S-mesh. Since the stabilization itself is consistent, the consistency error (P u − u h )| x=x j reduces to the error induced by lumping of the c-term. That error part can be estimated as in [11] and it is of order (N
To estimate the other error part we start from
The first two terms are equal to zero. To estimate the remaining terms we want to apply the results concerning the discrete Green's function from the Appendix. Now we estimate several error contributions. First, using integration by parts
Furthermore,
Next we estimate the contribution of the stabilization on Ω g . Let us recall that
For the smooth part we get
For the layer part we get ( only for E 1 because that layer is stronger)
This error contribution is small enough because
Finally, we consider the contributions of the stabilization on Ω 0 . Let us recall that
For the smooth part there is no problem. For the layer part E 2 (E 1 is extremely small on Ω 0 ) using
ln N )/µ 0 , we get
The two other error terms on Ω 0 , which correspond to (ii) and (iii), can be estimated as on Ω g .
Theorem 3.1. The pointwise error of the SDFEM on a S-mesh satisfies the following estimate:
u
Appendix: The discrete Green's function
Denoting the upwind difference operator on an arbitrary mesh by L h :
To do this, let us introduce the barrier function w defined by
for j < i.
From [3] we know already that L h w 0 at the mesh points {x 1 , ...,
if the constant C in (4.2) is chosen adequately. We use the abbreviationsμ
and we obtain
In this case we neglect the b-term and use the existence of a constant C 1 such that
as well as − µ 0 2µ * 1 .
Ifh i ρW for some ρ > 0, we have the desired estimate. Otherwise, we have In this case we neglect the c-term and get
This expression has the structure
Since D−F is bounded away from zero, it remains to show that E −F is bounded away from zero also. We have the necessary bound since ε Remark 4.1. It is a simple exercise to replace the difference operator by the more general operator Let us summarize the properties of the discrete Green's function for the two parameter problem: 
Numerical experiments
In this section we present some numerical results for scheme (3.1), applied to the following example.
Example 5.1.
The exact solution is Table 1 and Table 2 , for some r, we use the double-mesh method to compute the experimental rates of convergence Ord N . For every fixed ε 1 and ε 2 , we computed the rate of convergence from
The results clearly show robust uniform convergence of order two.
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